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Abstract 

The classical Kloosterman sums give rise to a Galois representation of the function field un- 
ramified outside and oo. We study the local monodromy of this representation at oo using Z-adic 
method based on the work of Deligne and Katz. As an application, we determine the degrees and 
the bad factors of the L-functions of the symmetric products of the above representation. Our 
results generalize some results of Robba obtained through p-adic method. 
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0. Introduction 

Let Fq be a finite field of characteristic p with q elements and let t/; : Fg Q; be a nontrivial 
additive character. Fix an algebraic closure F of F^. For any integer k, let F^k be the extension 
of Fq in F with degree k. If A lies in Fqk , we define the {n — l)-variable Kloosterman sum by 

K1„(F,.,A)= ^(TrF_^,/F,(a;i + ••• + . T„)). 

For any A S F*, define deg(A) = [Fg(A) : F^]. The L-function L{X,T) associated to Kloosterman 
sums is defined by 

L(A,r) = expl ^ Kl„(F,,„dc,(A), A)— j. 

One can show that _L(A,T)(^^)" is a polynomial of degree n with coefficients in Z[Cp], where (p is 
a primitive p-th root of unity. This follows from 7.4 and 7.5 in [Dl]. Write 

i(A,r)(-i)" = (i-^i(A)r)...(i-7r„(A)r). 



Then for any positive integer m, we have 

Kl„(F<,^a.s(A), A) = i-ir-\ni{Xr + ■■■ + TT^A)™). 

We have a family of -L-functions L{X,T) parameterized by the parameter A. Let |Gm| be the 
set of Zariski closed points in = — {0, oo}. This is the parameter space for A. For a positive 
integer k, the L-function for the fc-th symmetric product of the Kloosterman sums is defined by 

L(G„,Sym'=(Kl„),T)= JJ 11 (1 - 7ri(A)" • • • 7r„(Ay"T<i«s(^))-i. 

A6|G„| ilH hi„=fc 

This is a rational function in T by Grothendieck's formula for L- functions, see 3.1 of [Rapport] 
in [SGA 4^]. In the proof of Lemma 2.2, we shall see that i(Gm, Sym'^(Kl„), T) actually has 
coefficients in Z. Thus, this rational function is geometric in nature, that is, it should come from 
the zeta function of some varieties or motives. What are these varieties and motives? From 
arithmetic point of view, our fundamental problem here is to understand this sequence of L- 
functions with integer coeSicients parameterized by the arithmetic parameter k and its variation 
with k, from both complex as well as p-adic point of view. There is still a long way to go toward a 
satisfactory answer of this basic question, most notably from p-adic point of view. We shall make 
some remarks at the end of this introduction section. 

In [R], Robba studied the L-function L(GTO,Sym'^(Kl2),T) in the special case n = 2 using 
Dwork's p-adic methods. He conjectured a degree formula, obtained the functional equation and 
the bad factors of the i-function L(Gm,Sym'^(Kl2),T). On the other hand, Kloosterman sums 
have also been studied in great depth by Deligne and Katz using Z-adic methods. The purpose of 
this paper is to use their fundamental results to derive as much arithmetic information as we can 
about this sequence of L-functions L(Gm,Sym'^(Kl„),T) for n > 1 not divisible by p. We have 

Theorem 0.1. Suppose (n,p) = 1. Let C be a primitive n-th root of unity in F. For a positive 
integer k, let dk{n,p) denote the number of n-tuples {jo,ji,---,jn-i) of non-negative integers 

satisfying jo \-jn-i = k and io +iiC H l"in-iC"~^ = in F. Then, the degree of the 

rational function L(Gm, Sym'^(Kl„), T) is 

KC:-i ')-*<-')■ 

Note that in most cases, the L-function L(GTO,Sym'^(Kl„),T) is a polynomial, not just a 
rational function. This is the case for instance if pn is odd or n = 2. This follows from Katz's 
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global monodromy theorem for the Kloosterman sheaf. Recall that the Kloosterman sheaf is a lisse 
Qpsheaf Kl„ on such that for any x G Gm{Fgk ) = F*^,, we have 

Tr(F,,Kl„,s) = (-l)"-iKl„(Fg.,a;), 

where Fx is the geometric Frobcnius element at the point x. For any Zariski closed point A in G^, 
let 7ri(A), . . . ,7r„(A) be all the eigenvalues of the geometric Frobenius element F\ on Kl„ ^. Then 

Kl„(F,„ae,(.),A) = (-l)"-iTr(Fr,Kl„.^) 

= (-l)"-i(7ri(Ar + ---+7r„(Ar). 



So we have 



(°° rrm \ 

(-l)"^Kl„(Fg^aes(.),A) — j 
m=l ' 

= exp(^5^(-(7ri(Ar + ...+7r„(Ar))— j 



^m— 1 

(l-7ri(A)T)---(l-7r„(A)T). 



We have 



n (1 - '^i W • • •7r„(A)^"T'i°s(^)) = det(l - FxT''-'^^^\Syra\K\^-^)). 

iiH \-in=k 

Therefore the L-function for the k-t\i symmetric product of the Kloosterman sums 

L(G„,Sym'=(Kl„),T)= [] 11 (1 - 7ri(Ar • • • 7r„(ArT<i<'s(^))-i 

AG|G„| iiH H,^=k 

is nothing but the Grothendieck L-function of the fc-th symmetric product of the Kloosterman 
sheaf: 

L(G™,Sym'=(Kl„),T)= JJ det(l - FaT^^^^^), Sym'=(Kl„,x))"'- 

AG|CJ„| 

The Kloosterman sheaf ramifies at the two points {0, oo}. We would like to determine the bad 
factors of the L-function L(Gm,Sym'^(Kl„),T) at the two ramified points. Assume n| (9— 1). Then 
we can explicitly determine the bad factor at 00. The key is to determine the local monodromy of 
the Kloosterman sheaf at 00, that is, to determine Kl„ as a representation of the decomposition 
group at 00. However, the bad factor at seems complicated to determine for general n. In the case 
n = 2, it is easy. Thus, we have the following complete result for n = 2, which is the conjectural 
Theorem B in [R] . (Our notations are different from those in Robba) . 
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Theorem 0.2. Suppose n = 2, q = p, and p is an odd prime. Then L(Gm,Sym (Kl2),T) is a 
polynomial. Its degree is | — [^] if k is even, and ~ + ^ o^^- Moreover, we have 
the decomposition 

L{Gm,Sym\Kh),T) = Pk{T)Mk{T) 

with 

( 1-T if 2 //c, 

Pfc(T) = i (l-T)(l-p4T)™'= if 2|A; and p = 1 mod 4, 

[ (l-T)(l+piT)"*'(l-}5§T)'"'=-"'= if 2|A;andj3= -lmod4, 

where 




and nk = [-^ + and is a polynomial satisfying the functional equation 

M,(T) = ct*M,(-^), 

where c is a nonzero constant (depending on k) and 6 = degMfe. 

Note that the slightly different formula for in the conjectural Theorem B of [R] is incorrect. 

Remarks. Theorem 0.2 only addresses the L-function L(Gm, Sym'^(Kl2), T) and the polynomial 
Mfc(r) from the complex point of view. A more interesting arithmetic problem is to imderstand 
their p-adic properties. For example, the first basic question would be to determine the p-adic 
Newton polygon of the polynomial Mfe(T) with integer coefficients. This is expected to be a 
difficult problem. A weak but already non-trivial version is to give an explicit quadratic lower 
bound for the p-adic Newton polygon of Mfe(T), which is uniform in k. Such a uniform quadratic 
lower bound is known [Wl] in the geometric case of the universal family of elliptic curves over 
Fp, where one considers the L-function of the fc-th symmetric product of the first relative ^-adic 
cohomology which is lisse of rank two outside the cusps. This latter L-function, which is an 
analogue of the above Mk (T) , is essentially (up to some trivial bad factors) the Hecke polynomial 
of the J/p-operator acting on the space of weight fc + 2 cusp forms. From this point of view, 
we can also ask for an explicit automorphic interpretation of the polynomial Mi~(T) with integer 
coefficients. The question on the slope variation of Mk{T) as k varies p-adically is related to the 
Gouvea-Mazur type conjecture, see Section 2 in [W3] for a simple exposition. 

More generally, for any fixed n, the sequence of L-functions L{Gm-, Sym'^(Kl„),T) is p-adically 
continuous in fc as a formal power series in T with p-adic coefficients. In fact, viewed as p-adic 
integers, it is easy to show that the numbers 7ri(A) can be re-ordered such that 7ri(A) is a 1-unit 
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and all other ni{X) are divisible by p (the exact slopes of the ■JTi{X) are determined by Sperber 
[Sp]). From this and the Euler product definition of Z/(Gm, Sym'^(Kl„), T), one checks that if 
ki — k2 + p"^k^ with k2 and non-negative integers, we have the following congruence: 

i(G„,Sym'=HKl„),T)= i(G„, Sym'==(Kl„),T) (modp™). 

For any p-adic integer s e Zp, let ki be an infinite sequence of strictly increasing positive integers 
which converge p-adically to s. Then, the limit 

L{n;s,T) = lim L(G„, Sym'^' (Kl„), T) 

exists as a formal power series in T with p-adic integral coefiicients. It is independent of the choice 
of the sequence ki we choose. This power series is closely related to Dwork's unit root zeta function. 
It follows from [W2] that for any p-adic integer s, the L-function L{n; s, T) is the L-function of 
some infinite rank nuclear overconvergent a-module over G„i. In particular, L{n;s,T) is p-adic 
meromorphic in T. In fact, L{n;s,T) is meromorphic in the two variables (s,T) with \s\p < 1. 
Grosse-Klonne [GK] has extended the p-meromorphic continuation of L{n; s, T) to a larger disk of 
s with \s\p < 1 + e for some e > 0. Presumably, this two variable L-function L{n; s,T) is related 
to some type of p-adic L-functions over number fields. It would be very interesting to understand 
the slopes of the zeros and poles of these p-adic meromorphic -L-functions. Some explicit partial 
results were obtained in [W2], see [W4] for a self-contained exposition of such L-functions in the 
general case. 

This paper is organized as follows. In §1, we study the local monodromy of the Kloosterman 
sheaf at oo. The main result is Theorem 1.1 which determines Kl„ as a representation of the 
decomposition subgroup at oo. In §2, we calculate the bad factors at oo of the L-functions of the 
symmetric products of the Kloosterman sheaf. Using these results, we can then complete the proof 

of Theorem 1.1. In §3, we calculate the degrees of the L-functions of the symmetric products of 
the Kloosterman sheaf. In particular. Theorem 0.1 is proved and some examples are given. Finally 
in §4, we study the special case n = 2 and prove Theorem 0.2. 
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Foundation, by the Fok Ying Tung Education Foundation, by the Transcentiiry Training Program 
Foundation, and by the Project 973. The research of Daqing Wan is partially supported by the 
NSF and the NNSF of China (10128103). 
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1. Local Monodromy at oo 



In [Dl], Deligne constructs a lisse Q;-sheaf Kl„ on Gm = — {0,oo}, which we call the 
Kloosterman sheaf. It is lisse of rank n, puncturely pure of weight n — 1, tamely ramified at 0, 
totally wild at oo with Swan conductor 1, and for any x G Gm(Fgfe) = F*^, we have 

TV(F,,Kl„,s) = (-l)"-iKl„(Fg.,a;), 

where is the geometric Frobcnius elements at the point x. Since Kl„ is a lisse sheaf on G^, it 
corresponds to a galois representation of the function field Fq{t) of Gm. In this section, wc give 
a detailed study of Kl„ as a representation of the decomposition subgroup at oo. This result will 
then be used to study i-functions of symmetric products of Kl„. 

Before stating the main theorem of this section, let's introduce some notations. Fix a separable 



closure Fq{t) of Fg(t). Let x be an element in Fq{t) satisfying x'' — x = t. Then Fq{t, x) is galois 
over Fq{t). We have a canonical isomorphism 

Fq^Gal{Fq{t,x)/Fq{t)) 

which sends each a G Fg to the element in Ga.l{F q(t, x) /Fq{t)) defined hy x i-^ x + a. For the 
additive character f/; : Fg ^ Q; , let £^ be the galois representation defined by 



Gal(F,(i)/Fg(i)) ^ Gal{Fq{t,x)/Fqit)) ^ Fq "-^ Q, . 

It is unramfied outside oo, and totally wild at oo with Swan conductor 1. This galois representation 
defines a lisse Q;-sheaf on = — {oo} which we still denote by C^. 

Let Hm = {/U € F|/i™ = 1} be the subgroup of F* consisting of m-th roots of unity. Suppose 



m\{q — 1). Then fim is contained in Fq. Let y be an element in Fq{t) satisfying = t. Then 
Fq{t,y) is galois over Fq{t). We have a canonical isomorphism 

Hm^Gal{Fq{t,y)/Fq{t)) 

which sends each /x e to the element in Gai{Fq{t,y)/Fq{t)) defined by y ^y. For any 
character x '■ Mm Qi , let galois representation defined by 



Gal(F,(i)/F,(i)) ^ G^\{Fq{t,y)/Fqit)) ^ ''"^ Ot- 

It is unramified outside and oo, and tamely ramified at and oo. This galois representation 
defines a lisse Q; -sheaf on G^ which we still denote by jC^. 



Let 6 : Gal(F/Fg) ^ Q; be a character of the galois group of the finite field. Denote by Ce 
the galois representation 

Gal(F;(i)/F,(t)) - Gal(F/Fg) ^ Q;. 

It is unramified everywhere, and hence defines a lisse Q;-sheaf on which we still denote by 
Finally let Q; (^-5^) be the sheaf on SpecFg corresponding to the galois representation of 

Gal(F/Fq) which maps the geometric Frobenius to . For any scheme over F,, the inverse 

image of Q; (^^) on this scheme is also denoted by the same notation. 
Now we are ready to state the main theorem of this section. 

Theorem 1.1. Suppose n\{q — 1). As a representation of the decomposition subgroup Doo at 00, 
the Kloosterman sheaf Kl„ is isomorphic to 

[n]*(£^„ (g) ® (g) Q; 

where [n] : Gm is the morphism defined by a; 1— > x", is the additive character 

X is trivial if n is odd, and x is the (unique) nontrivial character 

X : M2 ^ Q* 

if n is even, and 9 ; Gal(F/Fq) ^ Q; is a character of Gal(F/Fg) with the following properties: 

(1) If n is odd, then 9 is trivial. 

(2) If n is even, then 6^ can be described as follows: Let ( be a primitive n-th roots of unity in 
Fq. Fix a square root \/( of C in F. We have a monomorphism 

Gal(F,(\/C)/F,)-^/Z2 

defined by sending each a e Gal(Fg(\/(')/Fg) to ^^^^ € At2- The character 9^ is the composition 

Gal(F/F,) ^ Gal(F,(yC)/Fg) M2 Q;*- 

Remark. For even n, the above description of 6"^ shows that 6*^ = 1 if n = (mod 4). If n = 2 
(mod 4) and 41(5 — 1), then since n\{q — 1), we must have 2n\{q — 1). So (vT)'"^ = = 1 and 
hence ^/( e Fg. So = 1 if n = 2 (mod 4) and 4|(g — 1). In the remaining case that n = 2 (mod 
4) and 4 J({q — 1), we have \/C F^ and 9'^ is a primitive quadratic character. We don't know how 
to determine 9 itself completely in the case where n is even. 
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Throughout this section, we assume n\{q — 1). Then the group /x„ = {/z e F|/i" = 1} of n-th 
roots of unity in F is contained in F^. Fix an algebraic closure Fg{t) of Fq{t). The aim of this 
section is to determine as much as possible Kl„ as a representation of the decomposition subgroup 
Doc at oo. The proof of Theorem 1.1 will be completed in Section 2. Before that, we need a series 
of Lemmas. Our starting point is the following result of Katz: 

Lemma 1.2. As a representation of the wild inertia subgroup Poo at oo, the Kloosterman sheaf 
Kl„ is isomorphic to [n]«£^^. 

Proof. This follows from Propositions 10.1 and 5.6.2 in [K]. Lemma 1.3. Let G be a group, H 

a subgroup of G with finite index, and p : H ^ GLiV) a representation. Suppose H is normal in 
G. For any g G G, let pg be the composition 

h''^' GL{V), 

where adjg(/i) = g~^hg. Then the isomorphic class of the representation pg depends only on the 
image of g in G/H, and 

Resijlndfp^ Pg. 

geG/H 

Proof. This is a special case of Proposition 22 on Page 58 of [S] . 
Lemma 1.4. We have 

[n]*[n]*£^„ = ^i^n^, 
where ^^fi is the additive character ipnfi{x) = 'ipijiiix). 

Proof. Let y, z be elements in Fq{t) satisfying y'^ =t and z'^ — z = y. Note that Fq{z) and Fq{y) 
are galois extensions of Fq{t). Let G = Gal{Fg{z)/Fg{t)) and H = Gal(F,(z)/F,(y)). Then H is 
a normal subgroup of G. Let p be the representation 

H = Gal(F,(^)/F,(y)) 4 F, Q^. 

Then [n]*[n]*£^^ is isomorphic to the composition of Resi/Ind^p with the canonical homomor- 
phism Gal(Fg(f)/Fg(y)) — > Gal{Fq{z)/Fq{y)) = H. We have canonical isomorphisms 

G/H 4 Gal(F,(y)/F,(0) ^ Pn- 
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For each /x e let g^^ & G = Gal{F q{z) /¥ q{t)) be the element defined by ^^(-z) = nz. Then the 
images of {ji € jin) in G/H form a family of representatives of cosets. By Lemma 1.3, we have 



where pg^ is the composition 



Resfflndlp^ pg^, 



One can veriiy that we have a commutative diagram 

H ^> H 

where the vertical arrows are the canonical isomorphism H = Gal(Fq(z)/Fg(y)) ^ Fg. So Pg^ is 
the composition 



This proves the lemma. 



Before stating the next lemma, let us introduce some notations. Let tJoo be the generic point 
of the henselization of at oo and let r]^ be a geometric point located at rjcc. Fix an embedding 



of 'Pq{t) into the residue field k{ri^) of j]^. This defines a monomorphism Gal{k{r]^) / k{rioo)) 



Gal{F q{t) /F q{t)) whose image is the decomposition subgroup Doo of Ga\{Fq{t)/Fq{t)) at co. We 
identify Gal(k{r]^) / k{ri^)) with D^o through this monomorphism. The category of lissc Q;-sheaves 
on rjoo is equivalent to the category of Q;-representations of Doo- For convenience, we denote a 
lisse sheaf on r]oo and the corresponding representation of D^o by the same symbol. The morphism 
[n] : Gm — > Gm induces a morphism r/oo — * ^00 which we still denote by [n]. 

Lemma 1.5. As a representation of the decomposition subgroup Doo at 00, the Kloosterman 
sheaf Kl„ is isomorphic to [»^]*(/^i/>„ ® (t>) for some tamely ramified one dimensional representation 

* 

Proof. Let V be the stalk of the Kloosterman sheaf Kl„ at rJoo- Then Doo acts on V. Since 
the Swan conductor of Kl„ at 00 is 1, ^ is irreducible as a representation of the inertia group 7oo 
and hence irreducible as a representation of Dec . Since n is relatively prime to p, the morphism 
[n] : Gm — > Gm induces an isomorphism [n], : Pqo Poo on the wild inertia subgroup Poo- By 
Lemma 1.2, V has a one-dimensional subspace L, stable under the action of Poo, and isomorphic to 
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as a representation of Poo- By Lemma 1.4, the restriction of V to Poo is not isotypic. Let D'^ 
be the subgroup of Doo consisting of those elements leaving L stable. Then by Proposition 24 on 
page 61 of [S], V is isomorphic to Ind^?°(L) as a representation of -Doo- Since the rank of V is n, 
D'^ is a subgroup of Doo with index n. It defines a finite extension of degree n over the residue field 
k{rioc) of rjoc- Since D'^ contains Poc , this finite extension is tamely ramified. The degree of inertia 
of this finite extension is necessarily 1. Otherwise, the family of double cosets Ioo\Doo/D'^ would 
contain more than one elements and Res/^ Ind^r (i) would not be irreducible by Proposition 22 
on page 58 of [S]. This contradicts to the fact that V is irreducible as a representation of loo- 
These facts imply that the above finite extension is just [n] r}oo ^ fjoa and D'^ is the image of 
the monomorphism [n], : Dqo ^ Doo induced by the morphism [n]. Since L is isomorphic 
as a representation of Poo , L is isomorphic to (g) L' as a representation of D'^ , where L' is a 
representation of D'^ of rank 1 which is trivial when restricted to Poo, that is, L' is tamely ramified. 
Composing with the isomorphism [n]^ : Doc — > D'^, L' defines a tamely ramified one-dimensional 
representation : i^oo Q; ) and V is isomorphic to [n\»{C^^ ® </>). 

Lemma 1.6. Keep the notation of Lemma 1.5. As a representation of the inertia subgroup Joo, 
(j) is isomorphic to >C^, where x is trivial if n is odd, and x is the unique nontrivial character 
X • M2 ~^ Q; if « is even. 

Proof. First recall that making the base extension from Fg to F has no effect on the inertia 

subgroup loo- So we can work over the base F. By the Appendix of [ST], the representation 
(j) : Doo ^ Q; is quasi- unipotent when restricted to loo , and hence has finite order when restricted 
to Joo (since the representation is one-dimensional). Since (p is tamely ramified, there exists a 
positive integer m relatively prime to p so that as a representation of Joo , (l> is isomorphic to the 
restriction to Joo of the galois representation 

Gal(F( Vy)/F(2/)) ^ Mm 

* 

for some primitive character x '- IJ'm Qi - 

Let us calculate det {[n] ^ {£ ^ ^ jC ^)) . Let y, z, w be elements in F{t) satisfying y" = t, z'^—z = y, 
and = y. Then F(z,w) and F(y) are galois extensions of ¥{t). Let G = G&\{F{z,w) /¥{t)) 
and H = Gal(F(2;, w)/F(y)). Then H is normal in G, and we have canonical isomorphisms 

G/H ^ Gal(F(y)/F(i)) ^ 
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We have an isomorphism 



FgXiim^H = Gal(F(z, w)/F{y)) 



which maps (o, /i) e Fg x /i„ to the element g(a,ij,) € Gal(F(2:, w)/F{y)) defined by g(a,ij,){z) = z + a 
and 5(0,/*) {w) = i-iw. Let w : -ff — > Q* be the character defined by 

Then [n]^{C^^ (g) C^) is just the composition of Ind^(a;) with the canonical homomorphism 



Gal(F(<)/F(t)) Gal(F(z, w)/F(i)) = G. Let C be a primitive n-th root of unity in F. Choose 
an m-th root VC of C- (Then is a primitive mn-th root of unity). Let g be the element in 
G = Gal(F(z, w)/F(t)) defined by g{z) — C,z and g{w) = y/(w. Then the imago of g in G/H is a 
generator of the cyclic group G/H. So G is generated by 5(a,/i) G H ((a, /x) G F, x fim) and g. By 
Lemma 1.3, we have 

n-1 

ResHlnd^(a;) = ^ujgi, 

where ujgi is the composition 



i=0 



One can verify that 



So 



Wgi(ff(a,/i)) = V'n(-Ca)x(M 



n-1 

(det(Indg(a;)))(5(a,^)) = ll{M-Ca)x{f^-')) 



i=0 



n-1 



= V'n(-($^C)a)x(M" 

= Vn(0)x(M"") 

= x(/^-") 



We have 



(det)(Indg(a;)))(5) 



= det 

= (-l)"+^u;(5"). 
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One can verify 51" = ( ru^)r.y So uj{g") = x(( a/?) ") and hence 

(det)(Indg(a;)))(5) = (-l)"+^x(( VC)"")- 

By Lemma 1.5, dct(Kl„) is isomorphic to dct([n]*(£^^ (g) (t>)) as a representation of loo- By [K] 
7.4.3, dct(Kl„) is geometrically constant. On the other hand, as representations of loo, we have 
det([n]*(£^„ig)(/))) = det([n]*(£^„®£j^)), and det([n]*(£^„®£;^)) is isomorphic to the composition 
of det(Indg(w)) with the canonical homomorphism Gal(F(i)/F(t)) Gal{F{z,w)/F{t)) = G. 
So det(Ind^(a;)) is trivial as a representation of I^o- Hence x(/U~") = 1 for all e ^im and 
X(( VC)~") = (— l)""*"^- Since C is a primitive n-th root of unity, ( VC) " is a primitive m-th root 
of unity. This implies that the order m of x is at most 2. If n is odd, the relation x(( a/C) ") = 
(— 1)"+^ = 1 implies that x is trivial. If n is even, the relation x(( VC)~") = (—1)"'''^ = — 1 
implies that the order m of x is exactly 2. This finishes the proof of the lemma. 

Lemma 1.7. As a representation of D^o, the Kloosterman sheaf Kl„ is isomorphic to 

[n]*(£^„ (g) (g) £e Q; 

where x is trivial if n is odd, and x is the nontrivial character X • M2 ^ Q; if n is even, and 
6* : Gal(F/F,) ^ is a character of Gal(F/Fq). 

Proof. By Lemma 1.5, as a representation of Doo, Kl„ is isomorphic to [n]*(£^„ ® 4>) for some 
character : Doo Q; . By Lemma 1.6, is isomorphic to £^ when restricted to loo- So as a 
representation of Doo, (p is isomorphic to £^(^£giS) Qi {^-^) for some character 9 : Gal(F/Fg) 
Q; . So as a representation of Doo , Kl„ is isomorphic to 

Lemma 1.7 is proved. 

Lemma 1.8. Keep the notation in Lemma 1.7. The character 6 : Gal(F/Fg) Q; has the 
following properties: 

(1) If n is odd, then 9" is trivial. 

(2) If n is even, then 9^ can be described as follows: Let C be a primitive n-th roots of unity in 
Fq. Fix a square root of ( in F. We have a monomorphism 

Gal(F,(v/C)/Fq) 112 
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defined by sending each u e Gal(Fg(-v/(')/Fg) to S At2- The character (f^ is the composition 

Gal(F/Fq) ^ Gal(Fg(yC)/Fg) M2 ^-^ Q^, 

where X • A*2 ^ Q; is the nontrivial character on /Lt2- 
(3) If n is odd and p = 2, then Q is trivial. 

Proof. Suppose n is odd. By Lemma 1.7, Kl„ is isomorphic to ® Hq ® (-'^j^) as a 

representation of -Dqo- Using the same method as in the proof of Lemma 1.6 (but working over 
the base Fg), one can show that det([n]*£^„) is triviaL So 

det ^[n]*£^„ (g) £e (g) = '^e- O Q; 

By [K] 7.4.3, we have det(Kl„) = Q; { ^'^\"^ ^. So 6»" is triviaL This proves part (1) of Lemma 
1.8. 

Suppose n is even. In this case, Kl„ is isomorphic to [n]*(£^^ (g) (g /le (g Q; ("3^) as 
a representation of -Doc , where x is the nontrivial character x ^ M2 Q; • By [K] 4.1.11 and 
4.2.1, there exists a perfect skew-symmetric pairing Kl„ x Kl„ Qi(l — and any such pairing 
invariant under the action of 1^ coincides with this one up to a scalar. So the /oc-coinvariant 
space (/\^Kl„)/_^ of /\^K1„ is isomorphic to Q;(l — n) as a representation of Gal(F/Fg). Hence 
(A^ W*('^V'r. '^'^x))j'oo ® l^e'^ ® Q;(l ~'^) is isomorphic to Q;(l — n). Note that W*('^V'n ®^-x) i^ 
a semisimple representation of /qo since it has finite monodromy. So the canonical homomorphism 

2 2 

is an isomorphism. We will show that as a representation of Gal(F/Fq), {f^[n]t,{C^^ g) C^))^°° is 
isomorphic to the composition 

Gal(F/F,) ^ Gal(F,(^)/F,) ^ ^2 ^-^ Q^. 

This will prove part (2) of Lemma 1.8. 

Let C be a primitive n-th root of unity in Fg. Fix a square root \/C of C in F. Let y, z, w be 
elements in Fq{t) satisfying y"' = t, z'' — z = y, and w'^ = y. Then ¥q{z,w,^/C,) and Fg(j/) are 
galois extensions of Fg(f). Let G = Gal{¥q{z,w,^/C,)/Vq{t)) and H = Gal(Fg{z,w,^/C)/Fg{y)). 
Then H is normal in G, and we have canonical isomorphisms 

G/if 4Gal(Fg(y)/F,(i))4^„. 



n(l — n) 
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Consider the case where does not lie in Fg. We then have an isomorphism 

Fg X X H2 ^ H = Gal(Fg{z,w, ^/C)/Fg{y)) 

which maps (a.fi'.fi") G Fg x ^2 x ^2 to the clement g(a.ii'.ii") G Gal{Fq{z,w,^/()/Fq{y)) defined 
by 9{a,fi',ii"){z) ^ z + a, g(a,t^',t,"){w) = n'w, and g(a,M',M") (VC) = m"%/C- (In the case where y/C 
lies in F,, we have Fq{z, w, ^/^) = Fg{z, w), and we have an isomorphism 

FgXfi2^H = Gal{Fg{z, w, V^)/Fg(y)) 

which maps (a,/x') e F,x/i2 to the element fif(a,^/) e Gal{Fg{z,w,^/C)/Fg{y)) defined by ^(a,^/) (2) = 
z + a and g(^a,n'){w) = fJ-'w. All the following argument works for this case with slight modification. 
We leave to the reader to treat this case.) Let w : -ff — > Q* be the character defined by 

Then [n]^^,{C^,^^ (g) C^) is just the composition of Ind^(a;) with the canonical homomorphism 



Gal{Fg{t)/Fg{t)) ^ Gcd{Fg{z,w,^/C)/Fq{t)) = G. Let g be the element in G = Gal(Fg(2, w, vT)/Fg(t)) 
defined by g{z) = (z, ^(w) = \/Cw and g{\/C) = VC- Then the image of g in G/H is a. generator 
of the cyclic group G/H. So G is generated by g[a,n',fi") € H {{a, fj,' , /j.") e F, x /i2 x 1^2) and g. 
By Lemma 1.3, we have 

n-l 

ResHlnd^(a;) = ^Wg*, 

i=0 

where u)gi is the composition 
One can verify that 

Wg^((?(a,M',p")) = V'n(-Ca)x(M'"V""')- 

Let V be the stalk of [n]^{£^^ ^^x) the geometric point r}^. The above calculation shows that 
there exists a basis {eo, . . . , e„_i} of V such that 5160 = ei, gei = 62, ■ ■ ■ ,gen-2 = e„_i, and for 
any 9{a,n',iJ.") e H {{a,iJ.',n") e F^ x /X2 x 112), we have 

9{a,ix' = 0Jg^{g{a,n',ix"))ei = i/'n(-Ca)x(M'" V""')ei. 

One can verify 51" = 5f(o,(vT)-,i)- ^° 

5"eo = x((yC)-")eo = -eo- 
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f-1 

Consider the element X) A Ci+it G /\ V. We have 

5(eoAenH |-en_iAe„_i) = ei A d+n H h en_i A e„_i + en A ^"eo 

= eo A H h e^_i A e„_i 

and 



5'(a,/^',/.")(X) ei ACi+j) 

i=0 

t-1 

= 1^ Vn(-C«)x(/^'- V"-OV'n(-C+^a)x(/x'- V"-(*+^^)ei A e,+ n 

i=0 

= 5^Vn(-C«(l+C^))x(M'-V'-''-^)eiAe,+ n 

i=0 

. ^"^ 
i=0 

since = —1 and x is of order 2. In particular, 5 and g(a,n',i) act trivially on Cj A Cj+it. 

i=0 ^ 

f-i f-i 
So X) A Cj+ii lies in (/\ Note that X) A Ci+it spans (/\ as the latter space 

i=0 ^ j=0 ^ 

is one dimensional. On the other hand, for any fj." € fi^, we have 5(o,i,;:i")( X A ej+n) = 
x(m") ^ X) eiAcj+n.. So as a representation Gal(F/Fq), (/\ is isomorphic to the composition 

Gal(F/F,) ^ Gal(F,(VC)/Fg) M2 Q;*- 

This finishes the proof of part (2) of Lemma 1.8. 

Finally suppose n is odd and p = 2. Then Kl„ is isomorphic to [n],£^„ (S) -Cji (S) Q; (^^) 
as a representation of Doo- By [K] 4.1.11 and 4.2.1, there exists a perfect symmetric pairing 
Kl„ X Kl„ Q;(l — n), and any such pairing invariant under the action of 7oo coincides with 

this one up to a scalar. So the /oo-coinvariant space (Sym^(Kl„))/^ of Sym^(Kl„) is isomorphic 
to Q;(l — n) as a representation of Gal(F/Fg). Hence (Sym'^([n],£^^))/^ ® C^i ® Q;(l — n) is 
isomorphic to Q;(l — n). Note that Sym^([n]*£^„) is a semisimple representation of since it 
has finite monodromy. So the canonical homomorphism 

(Sym2([n],£^J)^~ ^ (Sym2([n]»£^J)7^ 

is an isomorphism. One can show that as a representation of Gal(F/Fg), (Sym^([n],£^„))^~ is 
trivial. (Using the notation in the previous paragraph, one verifies eQ + ef H ^^n-i is a generator 
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of (Sym^y)^~ and the geometric Frobenius acts trivially on this vector.) So 9'^ is trivial. By (1), 
6"' is also trivial. So 9 must be trivial. This finishes the proof of part (3) of Lemma 1.8. The proof 
of Lemma 1.8 is complete. 

2. The bad factors of the i-functions of symmetric products 

Let C be a primitive n-th root of unity in F. For each positive integer k, let Sk{'n,p) be 
the set of n-tuples (jo, • • • ,jn-i) of non-negative integers satisfying jo + ji + • ■ ■ + jn-i = k and 
jo+ jiC -\ +in-iC"~^ = in F. Let a denote the cyclic shifting operator 

CT(jo, • • • ,in-l) = (jn-l,io, • • ■,jn-2)- 

It is clear that the set Sk{n,p) is a-stable. 

Let y be a Q; -vector space of dimension n with basis {cq, • • • , e„_i}. For an n-tuple j = 
{jo, ■ ■ ■ ,jn-i) of non- negative integers such that jo H \- jn-i = k, write 

e — ei e„_i 

as an element of Sym'^F. For such an n-tuple j, we define 

This is an element of Sym'^V. li k = jo +ji H \-jn-i is even, then we have Vcr{j) = {—iy"~'^Vj, 

and hence the subspace spanned Vj depends only on the cr-orbit of j. Let ak{n,p) be the number 
of a-orbits in Sk{n,p). When k is even, let bk{n,p) be the number of those cr-orbits in Sk{n,p) 
such that the subspace spanned by the orbit is not zero. 

Lemma 2.1. Suppose = 1. We have 

{o-kin-iP) if n is odd, 

if n is even and k is odd, 

bk{n,p) if n and k are both even. 

Proof. Since {n,p) = 1 and the inertia subgroup /oc does not change if we make base change from 
Fq to its finite extensions, we may assume that n\{q — 1). 

We use the notations in the proof of Lemma 1.6. Recall that we have to = 1 if «. is odd, and 
m = 2 if n is even. Let Pm be a primitive m-th root of unity in Q. Thus = 1 if n is odd, and 
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(3m = — 1 if n is even. Let V be the stalk of [n],t{jC^^ (S) jC-^) at the geometric point rj^. There 
exists a basis {eo, . . . ,e„_i} of V such that gco = ei, gei = 62,.. ■,gen-2 = e„_i,5e„_i = (3meo, 
and for any € H ({a, ij) € Fg x we have 

n-l 

A basis for Sym'^V is {eo°ej^ • • • e^"r/}, where ji are non-negative integers satisfying \j\ = J2 ji = 
k. Suppose w = aje^'el^ ■ ■ ■ e'n-i ^^^^ {Sym''V)^°° . Then g and fif(o i) (o e F,) act trivially 
on it. We have 

g{v) = 5( ^ aje^e^ ■ ■ ■ e^^) = ^ /?^"-a,e^o""^ef ■ ■ ■ e^^. 
\j\=k \j\=k 

From g{v) = we get 

If n is even and A; is odd, then = —1. The above relation then shows that aj = 0. So 
(Sym''y)^~ = in this case. 

Now assume that either n is odd or k is even. The above vector is a linear combination of 
the following vectors 

n-l 
i=0 

The fif-invariant subspace (Sym'^y)^ is thus spanned by the vectors Vj with \j\ = k, where j runs 
only over cr-orbits. On the other hand, one computes that 

9{a,i) {v) = ff(a,i) ( E ajei° e{' ■ ■ ■ e^r/ ) 
b1=fc 

= E Vn(-a(io + iiC + • • • + 3n-iC'-^))aA°4 ■ ■ ■ 
b1=fe 

for all a G Fg. Since g(a,i){v) = v, if aj is non-zero, then we must have jo+iiCH l-in-iC"~^ = 

in F, that is, j e Sk{n,p). Thus, we have proved that the inertia invariant (Sym'^F)^" is spanned 
by the vectors Vj where j runs over the cr-orbits of Sk{n,p). 

If n is odd, then = 1 and each Vj is non-zero. As j runs over the a-orbits of Sk{n,p), the 
vectors Vj are clearly independent. Wo thus have dim(Sym'^y)''^°° = ak{n,p). 

If both n and k are even, then = —1- In this case, some of the vectors vj can be zero. The 
remaining non-zeros vectors Vj, as j runs over the cr-orbits of Sk{n,p), will be linearly independent. 
We thus have dim(Sym'^y)^~ = hk{n,p). The lemma is proved. 
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Lemma 2.2. Suppose p is odd and either n is odd or n = 2. Let j : Gm be the 

open immersion. Then the //-functions L(Gm, Sym'^(Kl„), T) and L(P^, j*(Sym* (Kl„)), T) are 
polynomials. All the reciprocal roots of the polynomial L(P^, j*(Sym'^(Kl„)), T) have weight 
k{n — 1) + 1. The polynomial L{Gm, Sym'^(Kl„), T) has coefficients in Z. 

Proof. By Grothendieck's formula for L- functions, we have 

2 

L{P\ (Sym'^ (Kl„)), T) = [] det(l - FT, H\P' ® F,j, (Sym'= (Kl„)))(-i)'^' . 

i=0 

Under our conditions on p and n, the global monodromy group of Kl„ is SL(n) by [K] 11.1. In par- 
ticular Sym'^(Kl„) is irreducible as a representation of the geometric fundamental group 7ri(G„i®F) 
and hence i7*(pi ® F, j;(Sym''(Kl„))) vanishes for i = 0,2. So L(P\ j,(Sym''(Kl„)), T) = dct(l- 
FT, 7J^(P^(g)F, (Sym'^(Kl„))) is a polynomial. Since Kl„ is a lissc sheaf on Gm puncturcly pure of 
weight n— 1, all the reciprocal roots of the polynomial det(l — FT, iJ^(P^ig)F, j*(Sym'^(Kl„))) have 
weight k{n — 1) + 1 by [D2] 3.2.3. Similarly, one can show L(Gm, Sym'^(Kl„), T) is a polynomial. 
Let's prove it has coefficients in Z. For any a G F*, let aa denote the element of Gal(Q(^p)/Q) 
such that (t(^p) = ^p, where ^ 1 is a p-th root of unity in Q. Using the definition of Kloosterman 
sums, one checks that 

aa(Kl„(F,.,A)) -Kl„(Fg.,a"A), 

and thus 

aa{L{X,T)) = L{a^X,T). 

Recall from the Introduction that 

L(A, r)(-i)" = (1 - 7ri(A)r) ■ • • (1 - 7r„(A)r). 

Write 

Sym'=(L(A, T)(-i)") = U {1 - 4' (A) • • • <" (A)T). 

iiH \-in=k 

Then, we deduce 

a„(Sym^(L(A,T)(-i)")) = Sym'=(L(a"A, r)(-i)''). 

Now, by definition. 

Thus, 

CTaa(G„,Sym'^(Kl„),T)) = TT r ^ , . , . ■ 

^ ^ ^ ^ ' " , Sym'=(L(a"A,rdegW)(-i)'*) 
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The right side is clearly the same as L{Gm, Sym (Kl„), T). The lemma is proved. 

Proposition 2.3. Let Fq be the geometric Probenius element at and Iq the inertia subgroup at 
0. The reciprocal roots of the polynomial det(l — FqT, (Sym'^(Kl„))^°) are of the form g', where 
<i < fc(n— 1)/2. In particular, det{l — FoT, (Sym'^(Kl„))^'') is a polynomial in integer coefficients 
of weights at most k{n — 1). In the case n = 2, we have 

det(l - FoT, (Sym'=(Kl„))^<') = 1 - T. 

Proof. By [K] 7.3.2 (3) and [D2] 1.8.1, the eigenvalues of Fq acting on Sym''(Kl„))^'' are of the 
form with < i < k{n — l)/2. This proves the first part of the Proposition. 

By [K] 7.4.3, the local monodromy at of Kl„ is unipotcnt with a single Jordan block, and 
Fq acts trivially on (Kl„)^o. If n = 2, using this fact, one can show the local monodromy at of 
Sym*'(Kl2) has the same property. Proposition 2.3 follows. 

Remark. We do not know a precise formula for det(l — FqT, (Sym'^(Kl„))^o^ general for n > 2. 

Lemma 2.4. Keep the notation in Lemma 1.7. Suppose pn is odd. Then 6 is trivial. 

Proof. Take a positive integer k such that {k,n) = 1 and such that Sk{n,p) is non-empty. For 
instance, we can take k = n + mp for any positive integer m prime to n. (Recall that we always 
assume {n,p) = 1). Then ak{n,p) ^ 0. By Lemma 2.2, L(Gm, Sym'^(Kl„), T) is a polynomial with 
coefficient in Z. So each pure weight part of Z/(Gm, Sym'^(Kl„), T) also has coefficients in Z. We 
have 

L(G„,Sym'=(Kl„),T) 

= L(pi,j4Sym'^(Kl„)),r)det(l - FqT, (Sym'^(Kl„))^«)det(l - F^T, (Sym'=(Kl„))^~ ), 

where F^o is the geometric Frobenius element at oo. Since n is odd, by Lemmas 1.7 and 1.8, we 
have 

(Sym^(Kl„))^~ = (Sym'=([n]*£vn))'~ ® ® Q; 

Using the calculation in Lemmas 1.8 and 2.1, one can verify Foo acts trivially on (Sym'^([n]*£^„))^~ . 
Let A = 0{Foo). Then A" = 1 by Lemma 1.8 (1), and 

det(l - F^T, (Sym'=(Kl„))^-) = (1 - A'=g^T)'"=("'f). 



k{l- 
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So we have 

L(G„,Sym'=(Kl„),T) = 

det(l - FoT, (Sym'=(Kl„))^°)(l - A'=5^r)'"=("'f)L(pi,i4Sym'=(Kl„)), T). 

By Lemma 2.2, L(P\ j;(Sym'=(Kl„)), T) is pure of weight fc(n-l)+l. So the part of L(Gto, Sym'=(Kl, 
with weight at most k{n — 1) is given by 

det(l - FoT, (Sym'=(Kl„))^«)(l - A'=9^^r)"'=("'P). 

It must have coefficients in Z. The first factor also has coefficients in Z. Working with the 
coefficients of T, we see that X q 2 must be an integer. Since A" = 1, we must have = ±1. 
As (A;, n) = 1 and n is odd, we must have A = 1. So ^ is trivial. 

Now Theorem 1.1 in Section 1 follows from Lemmas 1.7, 1.8, and 2.4. 

In the following, we calculate the bad factors at 00 of the L-function of the A;-th symmetric 
product of Kl„. 

Theorem 2.5. Suppose n\{q— 1). Let Foo be the geometric Probenius element at 00. 

(1) If n is odd, then for all k, we have 

det(l - F^T, (Sym'=(Kl„))^~) = (1 - g^^T)«'=("'f). 

(2) If n is even and k is odd, then we have 

det(l - FocT, (Sym'=(Kl„))^~) = 1. 

(3) Suppose n and k are both even. We have 

dct(l-F,c.T,(Sym'=(Kl„))^~) 

if2n|((j-l), 

(1 + g^^T^T)'='=("'P)(l - q'^^^^TfUn,p)-Ck{n,p) jf 2„ _ 1)^ either 4|n or 4|fc, 
(1 - g^T^T)'='=("'P)(l + g^T^T)''''("'P)-'='=("'P) if 2n J({q - 1), 4 j(n and 4 J(k. 

where Ck{n,p) denotes the number of a-orbits j in Sk{n,p) such that vj / and such that 

ji + 2j2 H h (n - l)j„-i is odd. 

Proof. By Lemmas 1.7 and 1.8, we have 

(Sym'=(Kl„))^~ = {Sym''{[n]4C^^(3C^))y^ (3C0k ® Q; 

20 



fc(l-n) 



Suppose n is odd. Then % and 9 are trivial. One can verify acts trivially on (Syni'^([n]*£^^))^'» . 
(1) then follows from Lemma 2.1. 

Suppose n is even and k is odd. Then (Sym''(Kl„))^~ = by Lemma 2.1. (2) follows. 

Suppose n and k arc even. If 2n\{q - 1), then (V?)"?-! = ^ 1 and hence V? e F,. In this 
case, one verifies that 9 is trivial and Foo acts trivially on (Sym*^ ( [n] * <S) Cx)))^°° ■ "^^^ ^^^^ 
case of (3) then follows from Lemma 2.1. Suppose 2n /(g — 1), then ^ Fq. We use the notation 
in the proof of Lemma 1.8. Note that 3(0,1,-1) is a lifting of the geometric Frobenius element in 
Gal(F/Fp). Recall that (Sym''F)^°° is generated by the vectors 



ri-l 



i=0 

where j runs over the cr-orbits of Sk{n,p). One checks that 

n-l 

= y^(_l)3n-l+---+jn-i(_]^)0-3n-i + l-jn-i+l + --- + (»-l)3n-l+»3O + (»+l)3l+--^ 

i=0 

We have 

* Jn—i-\-l 

H 1- (i - l)jn-i + ijo + {i + l)ii H h (n - l)j„_i_i 

= i{jo + il H h in-i-l + jn-i H H j„-l) 

+ji + 2j2 + 1- (n - i - l)j„-i-i 

+ (0 - i)jn-i + (1 - i)in-i+l H 1- (-l)jn-l 

= ik 

^ji + 2j2 H + (n - i - l)i„-i-i 

+{n - i)jn-i + {n-i + l)jn-i+i H h (n - l)jn-i 

-n{jn-i + jn-i+l H l-in-l). 

But n and fc are even. So we have 

9iO,l,-l)iVj) = (-iy^+2,.+...+(n-l)i„_.^._ 

So Vj is an eigenvector of F^o on (Sym'^y)^"" with eigenvalue (— l).?i+2i2H i-(n-i)j„-i_ ^j^g 
other hand, we have 9''{F^) = 1 if either 4|n or 4|fc, and 6''{F^) = -1 if 4 /n and 4 /fc. The last 
two cases of (3) follows. 

3. The degrees of the L-functions of symmetric products 
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Let C be a primitive n-th root of unity in F and let fc be a positive integer. Denote by dk{n,p) 
the number of the set Sk{n,p), that is, the number of n-tuples {jo,ji, ■ ■ ■ ,jn-i) of non- negative 

integers satisfying jo + ji + • • • + j„-i = k and jo + jiC + ' ' ' + Jn-iC"~^ = in F. In this section, 
we prove the following result, which is Theorem 0.1 in the Introduction: 

Theorem 3.1. Suppose {n,p) = 1. The degree of ^(Gto, Sym''(Kl„), T) is 

Proof. By Grothcndicck's formula for L-functions, i(Gm, Sym'^(Kl„), T) is a rational function, 
and its degree is the negative of the Euler characteristics 

2 

Xc{Gm ® F, Sym'=(Kl„)) = 5^(-l)Mimff^(G„ ® F, Sym'=(Kl„)) 

To calculate the Eulcr characteristic, wc may replace the groimd field Fq by its finite extensions. 
So we may assume n\{q — 1). Then ^ lies in Fq. By Lemmas 1.2 and 1.4, [n]*Kl„ is isomorphic to 
jC^^ © jC^„^ ® • • • © as a representation of the wild inertia subgroup Pqo at oo, where for 

any a e F,, Va is the additive character tpa{x) = il>{ax). So we have 

jo+jl-\ \-jn-l=k, jo,jl,---,jn-l>0 

as representations of Poo- But the Swan conductor of at oo is 1 if a ^ 0, and if a = 0. So 
the Swan conductor of [n]*(Sym'^(Kl„)) at oo is the number of those n-tuples (jo,ii, • • • ,jn-i) of 

non-negative integers satisfying jo + ii H h jn-i = k and jo + iiC H H in-iC"~^ 7^ in Fg. 

This number is exactly {'^^Z^^) — dk{n,p). By [K] 1.13.1, the Swan conductor of Sym'^(Kl„) at 
00 is ^ of the Swan conductor of [n]*(Sym'^(Kl„)) at 00. Since Kl„ is tame at 0, Sym'^(Kl„) is 
also tame at 0, and hence its Swan conductor at vanishes. By the Grothendieck-Ogg-Shafarevich 
formula, — x(Gm, Sym'^(Kl„)) is equal to the sum of the Swan conductors of Sym'^(Kl„) at and 
at 00. Theorem 3.1 follows. 

In some special cases, an explicit formula for the degree of L(Gto, Sym'^(Kl„), T) can be ob- 
tained. The following is one example. 

Corollary 3.2. Suppose n is a prime number different from p such that p is a primitive (n— l)-th 
root of unity mod n. Let (^) be the smallest non-negative integer so that its image in Fp is ^. 
Then the degree of L(G„,Sym'=(Kl„),T) is 



n- 1 



l(fk + n-l\ tlnM+n-l 

p 

\ n-1 



22 



Proof. Let d = [Fj,(^) : Fp]. Then we have ~^ = 1. Since C has order n, we must have 
n|p'' — 1. On the other hand, since p is a primitive (n — l)-th root of unity mod n, n — 1 is the 
smallest natural number with the property p"^^ = 1 in Z/n, that is, n\p"^^ — 1. So we have 
n — 1 < d. Since 1 + ( + ••• + ^"^i = 0, we have d ~ [Fp{() : Fp] < n — 1. So we must have 
d = [Fp {() : Fp] = n—1 and 1 + X + ■ ■ ■ + X"~^ is the minimal polynomial of over Fp . Therefore, 
if io + jiC H + in-iC"~^ = in F for some integers jo,ji, ■ ■ ■ ,jn-i, then we must have 

jo = ji = ---= jn-i (mod p). 

Let us determine the number dk{n,p) of n-tuples (jo, ji, . . . ,jn-i) of non- negative integers with 

the property jo +ii H Hjn-i = k and jo+jiC,-\ l-jn-iC""^ =OinF. By the above discussion, 

the second equation implies that jo = ji = • • • = jn-i (mod p). Substituting this into the first 
equation, we get that 

jo = ji = • • • = jn-i = (-) (mod p). 

n 

Write ji = pJl + {^), where j,- are non-negative integers. Then the first equation becomes p(jQ + 
ji + ---+j;_i)+n(|) = A;, that is, 

k-nW) 



Thus we have 

dk{n,p) = ^ 

The corollary then follows from Theorem 3.1. 



+ n — 1 

p 

n- 1 



4. An example 



In this section, we prove Theorem 0.2 in the Introduction. Throughout this section, we assume 
that n = 2, q = p and p is an odd prime. 

Lemma 4.1. The degree of L(G„, Sym'=(Kl2), T) is | - [^] if k is even, and ^ - + ^] H k 
is odd. 

Proof. Note that —1 is a primitive square root. Let's determine the number rffe(2,p) of pairs 
(jo, ji) of non- negative integers satisfying jo + ji ^ k and jo — ji = in F, or equivalently, 

jo + ji = k, 

jo - ji =0 ( mod p). 
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This is equivalent to the problem of determining the number of those integers < jo < ^ with the 

property 

2 jo = k (mod p). 

Since p is an odd prime, the inverse of 2 in Fp is and hence the above equation is equivalent 
to the equation 

. _ k{p+l) 
Jo = 2 (modp). 

So we are reduced to determining the number of those integers j with the property 

0<jp+ Z < k, 



that is, 



or equivalently. 



k k k 

< 7 + - < — , 

2p - 2 - 2p' 



k 1 . fc+1 k 1 

h - < 7 H < h -. 

2p 2 - 2 - 2p 2 

When k is even, the number of those integers j satisfying 

k . k k 
<7 + _<_ 

2p--' 2- 2p 

is 2[^] + 1. When k is odd, the number of those integers j satisfying 

k 1 fc+l k 1 

h - < 7 H < h - 

2^ 2--^ 2 - 2p 2 



is2[^ + i]. So 



4(2,p) = | + if Ms odd. 



The lemma then follows from Theorem 3.1. 



Lemma 4.2. Let be the geometric Probenius element at oo. We have 

1 if 2 /A;, 

det(l-Foo7',(Sym*(Kl2))^~) = <( {l-p^T)"^'- if 2|fc and p ee 1 (mod 4), 

(1 +J34t)"''(1 -ptT)™'--"'- if 2|A;andp= -1 (mod 4), 



where 



I 



if 4 /fc, 



and rife = + i]. 



Proof. The first case follows from Theorem 2.5 (2). Suppose 2\k. We will treat the case where 
p = —1 (mod 4) and leave to the reader to treat the other case. Note that the condition p = —1 
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(mod 4) is equivalent to saying that the square root \/— T of the primitive square root of unity —1 
does not He in Fp. We use the notation in the proof of Lemma 1.8. The proof of Lemma 2.1 shows 

that a basis for (Sym*'y)^°° is given by 

{e^e^-' + {-!)''-' e^-'e\\i -{k-i) = (mod p),0<i< ^}. 

(When » = |, the element egej"* + {—l)''~'^eQ~^e\ = (1 + (— l)4)ejef is nonzero only when 4\k. 
We exclude this element from the basis if 4 /(fc.) A calculation similar to that in the proof of 
Lemma 4.1 shows that this basis has 1 + [^] elements if 4|fc, and [^] elements if 4 /fc. So we have 

Note that 5(0,1,-1) is a lifting of the geometric Frobenius element in Gal(F/Fp). Let eQe\~^ + 
(— l)'^~'eo~*ei be an element in the above basis. Then 

5(o,i,-i)(e^eJ-* + (-l)'=-^eg-^el) = (-l)'=-^e^e^* + (-l)'^-*(-l)'6^^el 

= (-l)Xe^eJ-^ + (-l)'=-^e^^el). 

(Recall that fc is even.) So F^o acts semisimply on (Sym'^V)^^ with eigenvalues 1 and —1, and 
the dimension of the cigcnspacc corresponding to the eigenvalue 1 (resp. —1) is the number of 
those even (resp. odd) integers i satisfying < * < f and i — (fc — «) = (mod p). (If 4 /(fc, we 
don't count the odd number i = We have i = ^ (mod p). So dimension of the eigenspace 
corresponding to the eigenvalue 1 (resp. —1) is the number of integers j such that < jp+ | < | 
and that jp + f is even (resp. odd). (Again if 4 /fc, we don't count the odd number i = • p + |). 
Note that if 4 /fc, then jp + f is even if and only if j is odd; if 4|fc, then jp + f is odd if and only 
if j is odd. One can show the number of odd integers j satisfying < + | < | is + |]. So 
if 4 /fc (resp. 4|fc), then the dimension of the eigenspace corresponding to the eigenvalue 1 (resp. 

-1) is + 

On the other hand, by Lemma 1.8, (Sym''(Kl2))^~ is isomorphic to (SYm''Vy-^ (g)Cgk(g)Qi (-|) 
as a representation of Gal(F/Fp). Since fc is even, we have = (6'^)^. By the description of 6^ 
in Lemma 1.8, if 4|fc, then 9''{Fao) = 1; if 4 /ffc, then 6'^{F^) = —1. Combining with the above 
calculation, this proves Lemma 4.2. 

Finally, we discuss the functional equation for L{Gm, Sym'°(Kl2), T). By Lemma 2.2, L{Gm, Sym''(Kl2), T) 
and L(P^, j,(Sym'^(Kl2)), T) are polynomials, where j : ^ is the open immersion. By 
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Proposition 2.3, we have 

det(l - FoT, (Sym'=(Kl2))^«) = 1-T. 
Combining with Lemma 4.2, we see that 

det(l - FoT, (Sym'=(Kl2))^'')clet(l - F^T, (Sym'=(Kl2))^~) 

is exactly the polynomial Pk defined in the Introduction. We have 

L(G„,Sym'=(Kl2),T) 

= L(pi,i.(Sym'=(Kl2)),T)det(l - FqT, (Sym'=(Kl2))^'')det(l - F^T, (Sym'^CKla))^-). 

So L(P^, j*(Sym*'(Kl2)), T) is the polynomial Mk defined in the Introduction. 

By [K] 4.1.11, we have {Kh^ = KI2 ® Q;(l). So (Sym'=(Kl2))^ = Sym'=(Kl2) ® Q,(A;) General 
theory then shows that we have a functional equation 

L(P\j.(Sym'=(Kl2)),T) = c<^L(P\j.(Sym'=(Kl2)),^^), 

where 

2 

c = l[det{-F,H\P^ ® F,i,(Sym'=(Kl2)))(-i)*^' 

i=0 

and 6 = — x(P^ Fj j*(Sym''(Kl2),T). This proves the functional equation for Mf- in the Intro- 
duction. 
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